. MATHEMATISCH CENTRUM
2@ BOERHAAVESTRAAT 49
AN\ STERD A M‘

STATISTISCHE AFDELING

Leiding: Prot. Dr D. van Dantzig
Chef van de Statistische Consuliatie. Prof. Dr J. Hemelrijk

Report S 188 (VP 5)

Prepublication

Maximum likellhood estimation of ordered probabllities

by

Constance van Eeden

January 1956



1, Introduction

The problem considered in this report concerns k (kz2a)
independent series of independent trials, each trial resulting
in a success or a failure, The 1-th series cdnsists of m, trials
with 9%4) successes and b, = m,~a, failures; 7, is the (unknown)
probability of a success for each trial of the i-th series

(A=1.2,...k)and 7t ,, ... satisfy the inequalities

(1.1) T, 2

A
i

L=

2

In section 2 a method will be described by means of which
the maximum likelihood estimates may be found; in section 3 a

generalization of the problem will be considered.

2, The maximum likelihood estimates of v, 4t ,..., Tl
2.1. The likelihood function
The maximum likelihood estimates of w,, ~,,...1, are those

values of p,,p,.. .. ,pWhich maximize

K
(2.1.1) L =\_(¥N‘p2,...pk)f§§‘zi {QQ£QE%'+(W1L“Q1){%(%& (qe=t=py)

in the domain

i

o2 ps
o= s

In this section ] will, unless explicitely stated otherwise,

= Pus

(2.1.2) D

HIA

4 (L=v2,.0., ).

only be considered in this domaind ; the maximum likelihood

estimates will be denoted by v, .v,, . .. v, and
(2.1.3) L; = L\(Pn) det Q;_’Ecj P: “"('YL“."CLS.)’E? 9. (a=42,..., k).

cL Qixy
2.2, The estimates for the case that =, = .. for each

P N ok
o P ¢ .
Theorem [: If -— = — for each 4 =1,2,...,%-1 then
“~ Ly
(2.2.1) Vi = f\}; (i=V\a, . ., k).

Proof: This follows immedlately from the fact that the maximum
of L in D coincides with the maximum of | in the domain:os p, €1

(A =12,..., k%) if %ﬁ s e for each A= \,2,..., %,
___________ « i ¢ DN
4) Random variables will be distinguished from numbers (e.g.
frem the value they take in an experiment) by underlining their

symbols.



2.3. The estimates for the case that =% > &8 fop at least onc

value of L =i,2,... k=i
In this section the following theorem will be proved.

Theorem IT1:

(2.3.1) Vi=Vi, for each 4 with %%.> Qi |
~ Mo+

Further a method will bc described by means of which the esti-
mates may be found.
For the proofs we need the following lemma and theorem.

Lemma I:

(2.3.2) L;(Pc‘) > L;(‘Pi)

if (bi, bp)is a pair of values satisfying

(2.3.3) Q

fiA

bi<f: £ o or o2 < 1.

Proof':
From (2.1.3) follows

C{L Qi —"u oo
2.3.4 el —
( ) C{P; Piq;
Therefore
>0 if < 31: N
d bl
. = 0 o ] o Q’.
(2.3.5) A pe o) if F*""ﬁi?’
L. < O if Lo
Yug

and lemma T follows from (2.3.5).

Theorem III: If .%% s &ise for any 4 and 1f b, ba.. . . bk is any
. Terer ot

set in D with

(2.3.6) b: < Pisy

then a number b exisgts with

(2.3 -7) P.L ..5- ‘0 '—f—_ Pi—\-\

which, substituted intc L (bopa, o . . p) for p: and b,
increaseg - .

Proof:

A number p which, substituted for p; and p inl , increases [

e

must satisfy the relation

(2.3.8) L&(P) +L~:+1(F) > Li(pi)+ L«E'M(F‘l*'\)'



Further the following casegs may be distinguished
1. pi<¥%+‘g*%§ 5 1n that case we take p=p.,, , satisfying
(2.3.7) .

According to lemma I we then have

(2.3.9) LiCe) > Lo Cps)

and b “being cqual to i,

(2.3.10) L Cp) = Lt Cpaa)
(2.3.8) then follows from (2.3.9) and (2.3.10)
2. %i 2 Pi = P in that case take b=pi- In the same way as
in case 1 it may be proved that this number p satisfies (2,3.7)

©oand (2.3.8).

3¢ pi < %f < Ppi., 5 then if we take P:zéﬁ. » p satisfies (2.3.7)
and
(2.3.11) b < p =

From lemma I and (2.3.11) then follows

(2.3.12) Loty s Lipa)s

Further P satisfies

(2’3‘13) Pn\ > §0 = %\‘5‘_";- Qv

ML ey

and from lemma I and (2.3.13) follows

(2'3'14) L‘3.+| (P) > L«;ﬂCPH')
(2.3.8) then follows from (2.3.12) and (2.3.14),

Further it will be clear that if p,,p,, ... pels a set inD
and p a number satisfying (2.3.7) then p,,..., Picis PP Pivas - - - Pu

is also a set in D . Therefore from theorem III follows

Theorem TV: If %% > S for 4A=4, then the maximum likelihood
Y fY\.,‘,_r \

estimates of 1, ... 7,  Tiwa, . . ., Tk are those values of
Poes sy buyy Bias, - b Which maximize
(2.3.15) T {eidg i (- ey g qu,

4 et
where

, = (2% C"L‘ = Q; -+ O..‘_\,‘H
(2030/16) . A—#"‘v,,/{_:ﬁ.l‘.,*\-\ R

Mg =y MUy, = g My,



in the domain

lé‘“'ép&‘é “_\:,;x,?:“‘é v
(2.3.17) D {b i "

o= b S e N S S R 'O

A

In this way the problem is reduced to the case of kK-{ 8Seriles of
trials and may then be solved by means of theorem I or reduced
to the case of k-2 series of trials by means of theorem IV, This
procedure is necessarily finite, « being finite, Therefore it
leads to a unique maximum for L_ .

Theorem II then follows from this uniqueness and the foregoing
theorems.

2.%. Example

The procedure described in section 2.3 may be illustrated
by means of the following example.

Suppose k=gand

[ 4 1 2 3 4
a, 4 3 10 &
(2.4.1)
m; 1o 5 30 15
& a & 53
o V4 o, 0,33 0,5%.

From (2.4,1) and theorem II follows

(2.4.2) Vy = Vi

The problem is then reduced to the case of K-t =% series of

trials with (cf. theorem IV):

A 4 2 4
;. 4 13 8
20)"..3
( ) N o) 35 15
O.:'_ o~
e 0,4 0,37 0,5%.

From (2.4%.3) and theorem II follows
(2!L"n4) \/\:‘\/2‘

which reduccs the nrcblem to the case K~z =%5eries of trials
with



I{. j_ 4

A 7 &
(2.4.5)

" 45 i85

Q;

- 0,38 0,53.

"M

Then from theorem I and (2.4.5) follows
(2.4.6) V20,38 , V,=05%

and from (2.4.2), (2.4.4) and (2.4.6)

(204-7> V,::\/2,=\/5=0,38 R VL\=O,53.

3, A generalization of the problem

The problem treated in the foregolng scctions may be gena-
ralized as follows:

Suppose the probabiliﬁieswﬂ;ﬁlv.‘;vksatisfy the inequali-

ties '
(3.1) oL (T -T) 20 (ird = 102,00 os KD,
where

[y = = %4
(3.2) ﬂaQi - 0 for m, peirs of values (4,4) with i<,

(ol =1 for m, pailrs of values (4,4) with 4 <4,
(3-3) Mg -+ e, = (‘;)

and, 1if /L<f£<z& Then
(3.)4') O< = ﬁ- if O(&;*Q.‘;d'evé =i~

If Am =ofhen no restriction is imposed on ﬂﬂ;ﬁzw_.;ﬂkand it is
well known that in this case the maximum likelihood estimate
of L is t H (A=1a,.. K. Further, if m_-other (3.1) is iden-
tical with: T, €T, = ... s and this case has been consldered
in the foregoing sectlons. Therefore we suppose

My =,
(3.5) \

Ml = b



- 6 -

Then from (3.3) and (3.5) it follows that
(3.6) K>3,

In this report only the case w=3will be considered; the
maximum likelihood estimates will be denoted by v,,wv,, v, and
the domailn

(3.7) {M‘“‘iw“méo

°x P21
will be dencotec by ,.
The following cases may be distinguished (cf. (3.3) and (3.5)).

]

1. "\’\"L,:."i , WYL, = R
(3.8) {

2. A, =R, YWy o= L

In case (3.8.1) we may suppose, without any loss of generality

(3"9) Oé‘\z:'d\l.b:() 5 EDLR“:‘}:-_ AL

It will be clear that in this case

(3.10) Vo= S
Ty

and that the estimates of 7, and A7, may be found by means of the
procedure described 1in section 2.
In the case (3.8.2) we may suppose without any loss of gen:-

rality
(3.’1") M\.Z = (}{.h.at:i ) 0‘.2".5,—.6
and
Ba g S
(5.12) My My

Theorem V: If k=% and (3.11) and (3.12) are satisfied and 1f
B., o,, by 15 a set in D, with

(3.13) Pa > P

then a number b exists with
bobaz b o2 opa,

{a. Lao(p) Fhs(p) > ba(pa) + La(Py)

Proof: The proof is analogous to the proof of theorem IV. Here

(3.14)

the following cases may be distinguished
1 P‘:—‘Pz.
2. %ﬁ z Py > p:  then take b= p,,
3. k2> T > ps; then take p =

Pa > P é,%& ; then take

L
Mo,



Further it will be clear that 1if Pobas s is a set in p, with
P1>Flthen, for each number p satisfying (3.14,1), P, P is
also & set in D, . Therefore it follows from theorem V that

Theorem VI: If k=3 and (3.14) and (3.12) are satisfied then the
maximum likelihood estimates of ar.,7, w, are the values of

b., ba, bx which maximize L in the domain

(3.15) Pig P g Ps.

In this way the problem may, for k=3,be reduced to the case
treated in section 2.

This may be illustrated by means of the following

example.

Suppose K=g,

r»«‘.

i3
&
[

a,; 43 12 b
(3.16)
)wu 20 25 15
QL
L—ﬁ;& o, bs 0,48 o4
and
(3,/17) Ofg= oy g = L , ol =0,
If we define
yelet -
. = ""”3)
(3.18) ﬂ;éﬁ | T,
ﬁ§i3 \ =TT,

then the problem is reduced to the case of 3 series of ftrials
with

A A 2 3
(3.19) | 9 7 '3
m; 'S 2.0 25
L:f o.b 0,35 0,52
and
(3"2(}) dt ‘—:‘O{‘\:s =1 » 0{‘ = Q.



For these three series of trials (3.11) and (3.12) are satisficd
and therefore the estimates of ', ,ary (denoted by v, v;, vi)
may be found by means of theorem VI, This leads to

(3.21) Vi=v, =0,4b ,Vi =052
and from (3.18) and (3.21) follows
(3.22) V= Vr= 0,54 , Vo= 0,48,

The investigation of cases with k>3 is 1n progress.,



